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1 Introductory Examples

Proving trigonometric identities usually requires building certain algebraic equations
and using relations between the coefficients and the roots. We provide a simple
method for proving these types of identities.

Theorem. If PP, ... P, is a regular polygon inscribed in a circle of radius R > 0,
then we have that

I 2Py = nr!

7,7k
Proof. Consider the polynomial P € C[Z], P = Z"—R". Therootsw;,j =0,1,...n—
1 of P are the vertices of the polygon in the complex plane. Then we have |w;| =
R,7 =1,n—1 and by the decomposition of the polygon:

n—1
P=7"-R"=][(Z-uw)

j=1
Calculating P'(wy) we find
nwp ! = H (W, — wy)
J,J#k
Now we can take the modulus and use the fact that the distance between two points

graphed in the complex plane is the modulus of their difference, proving the theorem.
O
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Corollary - If PyP;... P, is a regular polygon inscribed the unit circle then we
have that

I APi=n (1)
J,J#k
There is an alternate proof of the identity in (1) that utilizes Vandermonde’s Identity.
The proof is as follows.

Proof. Define V' to the the matrix

1 1 1
w1 w2 Wn
: )
n—1 n—1 n—1
Wy ) W,
where wy, - -+ ,w, are the n'® roots of unity. We calculate
2 112 T
[Jw —w)? = Vi = v]- v
i<j
1 1 1 1w Wit
w1 Wy Wy, 1 wo wg_l
n—1 n—1 n—1 n—1
wy W, w,’ 1 w, wy,
n 0 0
0 0 n
0n --- 0
= 4n"

by repeated use of the identity wF+---+w* = nif n|k and wf+- - -+w? = 0 otherwise.
Since |V|? is non-negative, we find that

H(wj —w;)? =n"
i<j
Finally, since
"= —w)’ =1 (H(wi —Wj)> = (H(wi —Wj)> :
1<j i=1 \j,j#i VNE

taking the moduli of the n'" root of this last equation proves the identity. O]



From (1) we can easily derive the identity

om 2 (n—1D)7 n
sin — sin — - - - sin = , n>2
n n n 2n—1
Proof. We have
) ) - 29 ]
PP} =w) — 1P = (W), = 1)(wh — 1) =2 — 2cos 22T = 4sin? ‘Y—W,
n n

and so from (1) we obtain

n—1 . n—1 .

. T n—1 . T

H 0l HQSln - 2 Hsm -
J7#0 J=1 J=1

n—1 .
N
Therefi — = . ]
ererore, HSIH o o1

j=1
A direct consequence of this theorem, namely that

(p—1)/2

k
H QSin—7T =D
k=1 p

for an odd prime p, can be used to provide an elegant proof of the Quadratic Reci-
procity Law, which the margins of this paper are too small to contain.

2 Main Results

2.1 Cyclotomic Polynomials

As the first theorem of Section 1 shows, using polynomials whose roots are the roots
of unity is a powerful method capable of generating striking identities. However, in
this paper it is desirable to use only those values of k that are relatively prime to n.
To do this we turn to cyclotomic polynomials. We define

2,)= [] @-ub)

1<k<n
ged(k,n)=1

where w,, as usual, is the n'" root of unity 2™/, Clearly the degree of ®,(z) is the
Euler function ¢(n). It is well known that ®,(x) is a monic polynomial with integer



coefficients that is irreducible over Q. One of the most useful facts about cyclotomic
polynomials, proven in a paper by Y. Gallot, is as follows:

®,, (1) = p when n is a power of a prime p
®,,(1) = 1 otherwise

Also, Gallot shows that ®,(—x) = ®g,(x) when ¢ > 1 is an odd integer. From this
we may set = 1 to find
Dy(—1) = Poy(1) = 1

when ¢ > 1 is odd, since in this case, 2¢ is obviously not a power of a prime.

2.2 The Identities

Using analogous methods as in section 1, we may now prove a variety of stunning
identities, with the help of a basic lemma.

Lemma Z k= ngp(n)

(k,n)=1

Proof.

(kmn)=1 (kmn)=1 (k,n)=1 (kmn)=1

. km 1
sin — =
n 2¢(n)
(k,n)=1
Proof. First,
2k 2k k k k
1—wh= 1 — cos = — isin - = 2sin? — — 2i cos — sin —
n n n n n
.k ( km . kw)
= 2sin — | sin — — 2 cos —
n n n
Ckm\ 1 kr . k7
= ( 2sin — ) —(cos — + isin —).
n /)i n n



Since n is not a power of a prime, n = p®m for an odd prime p not dividing m. So
o(n) = o(p*)p(m) = p*(p — 1)p(m). Since p — 1 is even, p(n) is thus even. Now,
defining P, as the product in question, we calculate

kn\ 1 [ k k
1=o,)= J] a-wh= ] (QSin%);(COS%#—isin%)

(kmn)=1 (k,n)=1
2¢(n) ( kn /{?71')
=——7FP H cos — + isin —
. (/n/) n
¥ (k=1 n n
9¢(n)
= T(n)P"' cos Z kz + 7sin Z k;Z
! (k,n)=1 " (k,n)=1 n
1 p(n)m . p(n)m
—9vn)p .
=2°"p, (Z'2)<p(n)/2 (cos 5 + 2s1n 5
1
= QLP(H)P',Z . (UW . (COS7T + 7 sin W)w(n)/?
=2#p
1 .
Thus, P, = ——, as claimed. O
2¢(n)’

In an analogous manner, we obtain the following theorems.

Theorem. If n = p® for some prime p and n > 2, then
H _ b
 9¢(n)”
(kmn)=1

Proof. We have ®,:(1) = p, and again ¢(p*) = p* *(p — 1) =0 mod 2, and the rest
of the proof is exactly the same. O

Theorem. If n > 1 is odd, then the following identity holds:

kr o (—1)9()/2
Cn= 11 cosTr ="
(n,k)=1
Proof. As explained above, ¢,(—1) = 1 for odd n. Also,
2k k k k
1~|—cos—7T —|—z'sin—7T = 2(:052—7T —|—2sin—7rcos—7T
n n n n n

kw( kr . kw)
=2cos— (cos— +isin— | .
n n n



So we calculate

1=2,(-1) = H (=1 —wk) = (=1)¢™ H 2COSk—7T (cosl%r + ¢sin kj)

(k) =1 (kyn)=1 n n

km km

=2¢MQ, H (cos — 4 sin —)
(kn)=1 " "
= 2¢MQ, ( cos pln)m + 7sin ()7
2 2
=Q, - 2%(%)(_1)%(%)/2’
o ' 1 (_1)s0(n)/2 )
which implies @),, = DA ()P 26 as desired. O

2.3 Trigonometric Identities and Primative Polygons

These trigonometric identities have fascinating geometrical interpretations. Define
the n'™ Primative Polygon A, to be the convex polygon formed by the vertices w¥
for k relatively prime to n in the complex plane. Although this polygon is very
irregular in shape, it has some very nice properties. For example, since (k,n) =
1 <= (n—k,n) =1, the primative polygon is symmetric with respect to the z-axis.
However, it is certainly not (generally) symmetric through the y-axis, as can be seen
by looking at Ag which consists of nothing but the line segment between (1/2,/3/2)
and (1/2,—v/3/2)! But the trigonometric identities in the previous subsection allow

us a small glimpse of its complexities.
Theorem. If n > 1 is odd, By are the vertices of A,, and X and Y are the points 1

and —1 respectively, then
[[xB.=1=]]VB.

Proof. The length from X to w¥ given by |1 — wk| = |2sin £Z|, and so
km km
XB, = in —| = 2¢™ in—| = 1.
H K H |2 sin " | =2 sin — 1
(km)=1 (km)=1

Likewise, the distance from Y to wk is |2 cos ’%’], and therefore

(_1)<p(n)/2
2e(n) |
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