
Index

π
continued fraction expansion, 214

e, 85
◦, 69
×, 112
1-1 correspondence, 196
1-1 function, 70

absolute value
of complex numbers, 89

abundant numbers, 258
algorithms, 87
amplitude, 13
Angle Bisector Theorem, 30
Appel and Haken, 283
approximation, 191
Arithmetic Mean-Geometric Mean, 160
asymptote, 81

of a hyperbola, 45
slant, 82

axis of symmetry, 39

Bach, J. S., 9
beat frequency, 9
Bernoulli, Daniel, 23
Bernoulli, James, 195
Binomial Theorem, 175–178, 188, 201, 202

and approximation, 191
bipartite graph, 280
block walking, 173–175
Brahmagupta’s formula, 37

Cantor set, 210
Cantor, Georg, 206, 210
cardioid, 48
Cauchy’s Inequality, 162
center

of a hyperbola, 45

center of homothecy, 245

center of projection, 243

central projection, 243

centroid

of a tetrahedron, 141

vector representation, 138

Ceva’s Theorem, 237

cevian, 29–31, 237

chain rule

for logarithms, 6

χ, 280

chromatic number, 280

clique, 275

closed form, 181, 183, 185

coefficients, 52

collinearity, 233–236

colorings, 280

combinatorics, 170–178

committee selection, 171, 175

complete graph, 275

complex numbers, 88–95

absolute value, 89

exponential form, 94

multiplication of, 91

polar representation, 89

powers of, 91

trigonometric representation, 89

complex plane, 88

compound interest, 84

concurrency, 236

concyclic points, 34

conditional probability, 219

congruences, 252

division and, 253

linear, 254

simultaneous, 255

quadratic, 256
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conics
oblique, 49

construction
geometric, 227

continued fractions, 211–215
convergents, 214
proper, 212
uniqueness, 213

continued roots, 211
continuity, 80

geometric, 246
contradiction, 1
convergence, 190
convergents, 214
cosh, 95
cosine

graph of, 12
countability, 207
counting, 196–207

and correspondences, 196
infinite sets, 205
with generating functions, 200
with PIE, 198

cross product, 112
commutativity of, 113

cryptography, 265
cycle, 278

Hamiltonian, 280
cyclic function, 72
cylindrical coordinates, 134

d(n), 257
De Morgan, Augustus, 283
deficient numbers, 258
degenerate

ellipse, 43
hyperbola, 46

degree
of a polynomial, 52
of a vertex, 279

DeMoivre’s Theorem, 92, 96
Descartes’ Rule of Signs, 59
determinants, 113

by minors, 116
of a product, 115
shorthand for 3 × 3, 115

using row operations, 118
diagonal matrix, 118
diagonal proof, 206
Diophantine equations, 266–273
directrix of a parabola, 38
discontinuity, 80

essential, 81
removable, 80

discriminant
of a conic, 50

distance
from a point to a line, 127
three dimensions, 130

distribution problems, 201
distributivity, 201
divergent limit, 78
divisibility, 252
division in congruences, 253
divisors

number of, 257
sum of, 257

dot product, 101
in coordinates, 102

doubling the cube, 232

ǫ, 191
e, 84
eccentricity

of an ellipse, 42
edge

of a graph, 275
ellipse, 40

area of, 242
degenerate, 43
eccentricity, 42
foci, 41
latus rectum, 43
major axis, 41
minor axis, 41
parameterization, 126

entry, 103
equations

linear, 143
essential discontinuity, 81
Euclid’s postulates, 251
Euler line, 240

Excerpted from Art of Problem Solving Volume 2 by Richard Rusczyk and Sandor Lehoczky
www.artofproblemsolving.com

Copyrighted material



the ART of PROBLEM SOLVING ⊳ 293

Euler trail, 279
Euler’s formula, 276, 277
Euler’s generalization, 261
Euler, Leonhard, 23, 195
even tempering, 9
exponential form, 94
extraneous roots, 212

face
of a graph, 276
unbounded, 276

Fermat’s Theorem, 258, 259, 265
Fibonacci numbers, 2, 182–186

identities involving, 183, 184
first order, 191
foci

of a hyperbola, 45
of an ellipse, 41

focus
of a parabola, 38

four-color problem, 283
Fourier series, 23
frequency, 13
functional identities, 70
functions, 69–74

and identities, 70
composition of, 69
continuity of, 80
discontinuous, 80
inverse of, 69
limit of, 77
one to one, 70
rational, 77

Fundamental Theorem of Algebra, 57

Gauss, Carl Friedrich, 99
Gaussian elimination, 145
generating functions, 200
girth, 281
golden ratio, 183, 215
graph, 275

bipartite, 280
coloring, 280
complete, 275
connected, 276
null, 275

planar, 276
walk on, 278

graph theory, 281
greatest common divisor, 252

Hamiltonian cycles and paths, 280
harmonic mean, 166
harmonic sequence, 191
head, 100
Heron’s formula, 28
Hertz, 9
homothecy, 245
horizontal asymptote, 81
hyperbola, 44

asymptotes, 45
center, 45
degenerate, 46
foci, 45
latus rectum, 46
parameterization, 126
transverse axis, 45
vertices, 45

hyperbolic cosine, 95
hyperbolic sine, 95

identity matrix, 104, 107
image, 243
independent set, 275
inductive hypothesis, 1
inequalities, 159

AM-GM, 160
Cauchy’s, 162
geometric, 165
Power Mean Inequality, 166
Triangle Inequality, 90, 165

infinite descent, 270
infinity, 205
interest, 84
inverse matrix, 120
inversion, geometric, 243

Kn, 275
Ks,t, 281

latus rectum
of a hyperbola, 46
of a parabola, 39
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of an ellipse, 43
law of cosines, 24, 101
law of sines, 25
law of tangents, 26
Leibniz, Gottfried Wilhelm, 195
lemniscates, 48
lim
x→∞

, 76

limaçon, 48
limits, 76–85

0/0, 78
sin x/x, 83
trigonometric, 83

linear congruences, 254
simultaneous, 255

linear equations, 143
locus, 224–227
logarithms, 3–7

chain rule, 6

Massey-Omura cryptosystem, 265
mathematical induction, 1
matrices, 103–109, 113–122

“size” of, 113
3D, 107
entries, 103
identity, 104, 107
inverses of, 120
multiplication of, 104
nonsquare, 107
rotation, 103

max, 165
maximization, 164
medians

length of, 29
Menelaus’s Theorem, 235
min, 165
minimization, 164
Minkowski, Hermann, 283
minors, 116
modular arithmetic, 252

and division, 253�
n
k

�
for nonintegral k, 189

natural logarithm, 85
non-Euclidean geometry, 251
normal vector, 127, 131

null graph, 275
number theory, 252–262

O(n), 87
oblique conics, 49
one to one, 70
one to one correspondence, 196
optimization, 164
order

of a cyclic function, 72
orthogonal circles, 248
orthogonal projection, 241
overtones, 23

Pancake Theorem, 249
parabola, 38

axis of symmetry, 39
directrix, 38
focus, 38
latus rectum, 39
vertex, 38

parallel postulate, 251
parallel projection, 243
parametric equations, 125
partial fractions, 186
partitions, 203
Pascal’s identity, 170–172
Pascal’s triangle, 173–175
path, 278

Hamiltonian, 280
perfect number, 258
perfect squares, 253, 257
period

of a number (mod p), 258
trigonometric, 13

periodic function, 14
phase shift, 13
φ(n), 260
Pick’s Theorem, 129
Pigeonhole Principle, 1
Platonic solids, 277
point at infinity, 243
polar coordinates, 47
polyhedra

regular, 277
polynomials, 52–67
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bounds, 59
coefficients and roots, 60
complex roots, 59
division, 53
irrational roots, 59
monic, 61
multiplication, 52
Newton’s sums, 65
Rational Root Theorem, 57
remainder, 53
transformations of, 62

Power Mean Inequality, 166
prime factorization, 253
primitive root, 259
principal value, 14
Principle of Inclusion-Exclusion, 198
probability, 216–221

conditional, 219–221
uncorrelated events, 216

projection, 241
central, 243
orthogonal, 241
parallel, 243

Ptolemy’s Theorem, 36

quadratic congruences, 256
quadratic residue, 256
quadrilaterals

cyclic, 33
quantum mechanics, 111

rational functions, 77
rational numbers

countability of, 206
Rational Root Theorem, 57
recurrence, 184
relatively prime integers, 252
remainder, 53
removable discontinuity, 80
right hand rule, 112
root mean square, 166
roots, 56
rotation matrix, 103
row and column operations, 118

s(n), 257
sequences, 182–186, 191–192

harmonic, 191
limit of, 76
recursive, 182, 184

series, 181–182, 186–188
convergence of, 190
telescoping, 186

Simson line, 234
sine

graph of, 12
sinh, 95
sinusoid, 12
slant asymptote, 82
spherical coordinates, 135
spiral of Archimedes, 48
squaring the circle, 232
squeeze principle, 83
step function, 81
Stewart’s Theorem, 30
Sylvester’s Theorem, 247
synthetic division, 54

tail, 100
tangent

graph of, 12
telescoping series, 186
tetrahedron

centroid, 141
the BIG PICTURE, 9, 23, 87, 99, 111, 158, 195, 210,

232, 251, 265, 283
three dimensional geometry, 140
trail, 278

Euler, 279
transverse axis, 45
tree, 278
Triangle Inequality, 90, 103, 165
triangles

Angle Bisector Theorem, 30
angle bisectors

lengths of, 30
area of, 27–29
cevians, 29–31
Heron’s formula, 28
law of cosines, 24
law of sines, 25
law of tangents, 26
laws, 24–27
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medians
length of, 29

Stewart’s Theorem, 30
triangular matrix, 118
trigonometry, 10–22

amplitude, 13
double angle formuals, 17
frequency, 13
functions of sums, 18
functions of differences, 16–18
functions of sums, 16
half angle formulas, 18
inverse functions, 14–15
period, 13
phase shift, 13

trisecting the angle, 232

unbounded face, 276
unbounded limits, 77
uncountable sets, 207
unit normal, 132
unity

roots of, 96

Vandermonde’s identity, 175
Vandervelde

Samuel, 228
vectors, 100–102, 112–113, 136, 234

2D, 100
addition of, 100
angle bisectors of a triangle, 137
centroid of a tetrahedron, 141
centroid of a triangle, 138
column, 102
cross product, 112
dot product of, 101
in coordinates, 102
incenter of a triangle, 139
infinite dimensional, 111
length of, 100
medians of a triangle, 137
orthocenter of a triangle, 139
row, 102

vertex
degree of, 279
of a graph, 275

vertical asymptote, 82
vertices

of a hyperbola, 45
volume

of a parallelepiped, 132
of a tetrahedron, 132

walk, 278
Wantzel, Pierre, 232
Wilson’s Theorem, 262
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